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Suppose that the early Universe starts with a quantum spacetime originated cosmological
Λ-term at the Planck scale Mpl. The cosmological energy density ρ
Λ
drives inflation and
simultaneously reduces its value to create the matter-energy density ρ
M
via the continuous
pair productions of massive fermions and antifermions. The decreasing ρ
Λ
and increasing
ρ
M
, in turn, slows down the inflation to its end when the pair production rate ΓM is larger
than the Hubble rate H of inflation. Such back-reaction evolutions of the density ρ
Λ
and
Hubble rate H are uniquely determined by two independent equations from the Einstein
equation and energy conservation law, in addition, the ρ
M
and its equation of state as
functions of H are determined by continuous massive pair productions. For very massive
and dense pairs m  H, ρ
M
∝ m2H2 and ρ
Λ
∝ M2plH2 > ρM . As a result, inflation
naturally appears and theoretical results agree to Planck 2018 observations. The CMB large-
scale anomaly can be possibly explained and the dark-matter acoustic wave is speculated.
Suppose that the reheating efficiently converts the cosmological energy density ρ
Λ
to the
matter-energy density ρ
M
 ρ
Λ
accounting for the most relevant Universe mass, and some
massive pairs decay to relativistic particles of energy density ρ
R
starting the hot Big Bang.
Since then, the energy density ρ
R
produced at the reheating predominately governs the
decreasing Hubble rate H2 ∝ ρ
R
, and massive pair productions are small and unimportant.
However, the aforementioned back reaction ρ
M
↔ H ↔ ρ
Λ
is weak but continues in standard
cosmological evolution. As a consequence, the cosmological energy density ρΛ closely tracks
down the energy density ρ
R
from the reheating end up to the radiation-matter equilibrium,
then it varies very slowly, ρ
Λ
∝ constant, due to the transition from radiation dominate to
matter dominate epoch. Therefore the cosmic coincidence problem can be possibly avoided.
The relation between ρΛ and radiation and matter-energy densities is obtained and can be
examined at large redshifts.
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4I. INTRODUCTION
In the standard model of modern cosmology (ΛCDM), the cosmological constant, inflation,
reheating, dark matter and coincidence problem have been long standing basic issues since decades.
The inflation [1] is a fundamental epoch and the reheating [2] is a critical mechanism, which
transition the Universe from the cold massive state left by inflation to the hot Big Bang [3]. The
cosmic microwave background (CMB) observations have been attempting to determine a unique
model of inflation and reheating. On the other hand, what is the crucial role that the cosmological
Λ term play in inflation and reheating, and what is the essential reason for the coincidence of
dark-matter dominate matter density and the cosmological Λ energy density. There are various
models and many efforts, that have been made to approach these issues, and readers are referred
to review articles and professional books, for example, see Refs. [4–19].
We make an attempt in this article to give an insight into some points of these issues. Suppose
that the quantum gravity originates the cosmological term Λ ∼ M2pl at the Planck scale. The
initial state of Universe is an approximate de Sitter spacetime of the horizon H◦ ≈ (Λ/3)1/2 with-
out any matter. The cosmological Λ energy density drives the spacetime inflation with the scale
factor a(t) ≈ eH◦t. On the other hand, de Sitter spacetime is unstable against spontaneous particle
creations [20, 21]. By reducing its value, the cosmological Λ term creates very massive pairs of
fermions and antifermions m ∼Mpl for matter content. We adopt three equations of Einstein, con-
servation law and produced pair density to determine the cosmological energy density ρ
Λ
governed
the spacetime inflation rate H and in the meantime produced the matter density ρ
M
, whose back
reaction in turn slows down inflation, comparing with CMB observations. Analogously, suppose
that after reheating the matter energy density is much larger than the cosmological energy density,
we examine whether such back reaction links two densities in Universe expansion, consistently
leading to the cosmic coincidence in the present time, briefly presented in Ref. [22].
We organise this article as follow. we revisit in Sec. II the Einstein equation and conservation
law in the view of time-varying cosmological Λ-term coupling with the matter. In Sec. III, we
present the discussions and calculations of the matter produced from the spacetime through the
pair-production of fermions and antifermion. Based on these results and equations, we adopt
numerical and analytical approaches to study the inflation epoch in connection with observations
in Sec. IV. We study the relationships of the horizon H, the cosmological Λ-term and matter term
varing in time after Big Bang, particularly focusing on the problem of cosmic coincidence in Sec VI.
A summary and some remarks are given in the concluding section.
5II. EINSTEIN EQUATION AND GENERALIZED CONSERVATION LAW
A. The role of cosmological Λ-term
The Einstein equation for the spacetime of Einstein tensor Gab coupling to the matter of energy-
momentum tensor T ab
M
reads, see for example Ref. [23],
Gab = −8piGT ab
M
; Gab = Rab − (1/2)gabR− Λgab, (1)
where Rab (R) is the Ricci tensor (scalar), and G is the Newton constant. Its covariant differenti-
ation and the Bianchi identity are
Gab; b = −8piGT abM ; b, [Rab − (1/2)δabR] ; b ≡ 0, (2)
which lead to the generalized conservation law [19],
(Λ); b g
ab = 8piG(T ab
M
); b , (3)
with time-varying cosmological term (Λ); b = (Λ), b. Equation (3) clearly shows that the cosmolog-
ical Λ-term explicitly couples with the matter T ab
M
of produced pairs.
Assume that produced pairs are so dense and massive, their density ρ
M
and pressure p
M
rep-
resent semi-classical averages over many pairs production, and their energy-momentum tensor is
approximately described as a perfect fluid,
T ab
M
= p
M
gab + (p
M
+ ρ
M
)UaU b, (4)
with respect to the observer of the four velocity Ua = (1, 0, 0, 0).
Moreover, as will be shown in Sec. III, the cosmological Λ-term implicitly couples with the matter
T ab
M
(H) through the production and annihilation of particle-antiparticle pairs via the horizon H of
the spacetime, which is in turn governed by the Einstein equation (1).
Despite its essence of spacetime origin, the cosmological Λ-term in the Einstein spacetime tensor
Gab can be moved to the RHS of Einstein equation (1), and formally expressed by using a symbol
of energy-momentum tensor T ab
Λ
, analogously to the matter T ab
M
(4),
T ab
Λ
≡ p
Λ
gab + (p
Λ
+ ρ
Λ
)UaU b ≡ −ρ
Λ
gab, (5)
and implementing a negative mass density ρΛ ≡ Λ/(8piG) ≡ −pΛ identically. This practical analogy
between T ab
Λ
(5) and T ab
Λ
(4) is purely technical in the sense of the convenience for calculations and
expressions below. In so doing, we do not make any model to change the spacetime nature of the
6cosmological Λ-term. The interested readers are referred to the Ref. [24] for the more detailed
discussions on the cosmological Λ-term with respect to the vacuum energy of local field theories.
Using the technical notation T ab
Λ
≡ −ρΛgab (5), from Eqs. (1) and (2) it can be derived that the
generalized conservation law (3) is equivalent to the conservation law expressed by
(T ab) ; b = 0; T
ab ≡ T ab
M
+ T ab
Λ
, (6)
in terms of T ab
M
and T ab
Λ
. The generalized conservation law (3) or (6) represents the coupling
relationship among the cosmological Λ-term and matter M-term, all of them are varying in time.
Equation (3) or (6) is one of fundamental equations studied in the present article. Note that the
generalized conservation law Eq. (3) or (6) reduces to the usual matter conservation law (T ab
M
) ; b = 0
in the the ΛCDM model of the constant cosmological Λ-term (Λ), b = 0.
B. Generalized equations for Friedmann Universe
In this section, following the general equations (1), (2) and (3) previously discussed, we derive the
generalized equations describing the evolution of Friedmann Universe. These are basic equations
in this article that we use to study the inflation, reheating, radiation and matter dominated epochs
in Universe evolution.
1. Generalized equations
In the Robertson-Walker spacetime ds2 = −dt2 + a2(t)dx2 of zero spatial curvature and scaling
factor a(t), Equations (1,2) and (3) become the following equations [19].
The first equation comes from the 0−0 component of Einstein equation (1),
h2 = (ΩM + ΩΛ), h ≡ H/Hch, ΩM,Λ ≡ ρM,Λ/ρchc , (7)
where Hch, ach and ρ
ch
c ≡ 3H2ch/(8piG) represent the characteristic horizon scale, scaling factor and
critical density of Universe evolution at each epoch, i.e., inflation, reheating, radiation or matter
dominated epoch. They should eventually be determined by observations. As an example, in the
present Universe, Hch = H0, ach = a0, ρ
ch
c = ρc ≡ 3H20/(8piG) and G is the value of gravitational
Newton constant today.
The second equation comes from the 1−1 component of Einstein equation (1)
dh2
dx
+2h2 =
2a¨
H2cha
=
[
2ΩΛ−(1+3ωM )ΩM
]
, (8)
7where ωM = pM /ρM is the equation of state for the matter content, and we introduce the variable
x = ln(a/ach) and derivative d(· · ·)/dt = Hd(· · ·)/dx for convenience later on. The first and second
equations (7) and (8) reduce to the corresponding Friedmann equations.
The third equation is derived from the generalized conservation law (3) or (6) in virtue of Eqs.
(4) and (5),
dΛ
dt
= −8piG
[
dρM
dt
+
3a˙
a
(pM + ρM )
]
, (9)
which can be recast as
d
dx
[
(ΩΛ + ΩM )] = −3(1 + ωM )ΩM . (10)
It reduces to the normal conservation law for the matter
dρM
dt
+
3a˙
a
(pM + ρM ) = 0, i.e.,
d
dx
ΩM = −3(1 + ωM )ΩM , (11)
when the cosmological term Λ is constant in time. The combination of Eqs. (7) and (10) yields
Eq. (8), similarly to the case of the usual Friedmann equations.
It is worthwhile to stress again that in Eqs. (7) and (10) we treat the Hubble horizon H
and cosmological Λ-term as primarily physical quantities describing the spacetime nature, whose
quantum origin at the Planck scale is not topic of this article.
2. Two independent equations for uniquely determining H and Λ
In summary, Einstein equations (7,8) and (10) are recast as the following set of two independent
equations,
h2 = (ΩM + ΩΛ), (12)
d
dx
(ΩΛ + ΩM ) = −3(1 + ωM )ΩM , (13)
where the first equation is the Friedmann equation and the second equation is the energy conser-
vation law of spacetime and matter, generalized from the usual matter conservation law (11).
However, the numbers of Eqs. (12) and (13) are not enough to completely determine unknown
quantities of the Hubble horizon h, cosmological term ΩΛ and the matter term ΩM , as well as ωM
the equation of state of the matter. Our approach to this issue is that the matter has been produced
via the process from the space time of the horizon H, since the beginning of the Universe, the matter
8energy density ρ
M
= ρ
M
(H) and pressure p
M
= p
M
(H) are uniquely calculated as functions of the
horizon H,
ΩM = ΩM (H); ωM ≡ pM /ρM = ωM (H) (14)
as shown in the next Sec. III. As a result, Einstein equations (12) and (13) together with the
relationship (14) from the pair production process lead to a set of complicate nonlinear back-
reacting equations, which however completely determine the H, ΩΛ and ΩM governing the evolution
of the Universe, provided that their initial conditions are given in each epoch.
3. Initial condition and scale
We are going to use differential equations (12) and (13) to study each epoch of the Universe
evolution: the inflation, reheating, radiation and matter dominated epoch. For simplicity and
convenience in notations, the characteristic horizon scale Hch and scaling factor ach (7) are chosen
as initial scales in each epoch. Thus, we use the index “i” to indicate each epoch and its initial
conditions, which can be generally indicated by the scaling factor aich,
Hubble rate H ich, h
i = H i/H ich, critical density ρ
i
c = 3(H
i
ch)
2/(8piM−2pl ); (15)
cosmological Λ−term Ωi
Λ
= ρi
Λ
/ρic, matter content Ω
i
M
= ρi
M
/ρic; (16)
to describe the beginning of each epoch under consideration. These initial scales (15) and (16)
relate to not only the characteristic scale (7) of each epoch in Universe evolution, but also the
transitions from one epoch to another. We will duly specify these initial conditions and scales in
discussing each epoch of Universe evolution. On the other hand, these initial conditions and scales
should be chosen in the range where has the validity of the effective theory (4) and equations (7,10)
describing the Universe evolution. For instance, the initial scales for the inflation epoch should be
smaller than the Planck scale.
In the following way, we will try to solve equations (12) and (13). Starting from the initial
values Ωi
Λ
and Ωi
M
(16) at an adequate characteristic scale Hi (15), ΩΛ(h) and ΩM (h) govern the
varying spacetime horizon h. The variation ΩM (h) dynamically leads to the variation of h
2 and
ΩΛ via Eq. (13), in turn ΩM (h) changes via Eq. (12). This completely determines h
2(x) and ΩΛ(h)
scaling in the Universe evolution, provided that ΩM (h) and ωM (h) (14) are calculated as functions
of h via the pair production process.
9In this article, it is useful to introduce the -rate of H-variation:
 ≡ − H˙
H2
= − 1
H
dH
dx
= −1
h
dh
dx
(17)
=
3
2
(1 + ωM )
ΩM
ΩΛ + ΩM
(18)
to characterize different epochs of the Universe evolution. As a convenient unit for calculations
and expressions, we adopt the reduced Planck scale mpl ≡ (8piG)−1/2 = 1, unless otherwise stated.
Note that the reduced Planck scale mpl = (8pi)
−1/2Mpl = 2.43× 1018GeV.
III. PAIR PRODUCTION FROM SPACETIME
In this section, we describe how the matter is produced from the spacetime by the pair produc-
tion of fermions F and antifermions F¯ , and discuss how to calculate the matter content ΩM (h) as
a function of h or ΩΛ(h). This is crucial to study and solve the generalized Friedmann equations
(12) and (13).
A. Matter produced from spacetime
The matter production from the spacetime is attributed to the production of fermions F and
antifermions F¯
S ⇒ F + F¯ , (19)
where S stands for the spacetime. Such pair production is a semi-classical process of producing
particles and antiparticles in an external and classical field H, i.e., the horizon of the spacetime,
which obeys classical equation (12) and (13).
1. Fermion-antifermion pair production density in De Sitter spacetime
A priori, we assume that the H-field varies more slowly, compared with the rates of pair-
production and/or other microscopic processes, namely the -rate (17) is very small (  1).
Therefore, to approximately calculate the matter content ΩM (h) in the Einstein equations (12) and
(13), we consider the spontaneous pair production of massive spin-1/2 particles F and antiparticles
F¯ from the exact De Sitter spacetime S of the constant horizon H and scaling factor a(t) = eHt.
On the basis of semi-classical calculations at the zeroth adiabatic order, the averaged number
density of all pairs produced from the initial time ti = 0 to the final time t >∼ 2piH−1 is given by
10
Refs. [25, 26],
nM =
H3
2pi2
∫ ∞
0
dzz2|β(0)k (t)|2
=
H3epiµ
16pi
∫ ∞
0
dz
z3√
z2 + µ2
F (0)ν (z, µ), (20)
and
F (0)ν (z, µ) =
∣∣∣σ+H(1)ν−1(z)− iσ−H(1)ν (z)∣∣∣2, (21)
σ± ≡ [(z2 + µ2)1/2 ± µ]1/2, ν = 1/2 − iµ, and H(1)ν (z) is the Hankel function of the first kind. In
Eqs. (20) and (21), µ = m/H andm stands for effective particle mass, the variable z ≡ kH−1e−Ht =
kphy/H and kphy = k/a(t), relating to the produced particle comoving (physical) momentum k
(kphy). The pair-production probability is given by the Bogolubov coefficient squared |β(0)k (t)|2
and |β(0)k (t)|2 ∼ O(1/k4) for large k. This physically shows that the pair productions from large
momentum k modes are suppressed, and the semi-classical pair density (20) is convergent.
The semi-classical result (20) is valid only for massive particles m > H and their wave lengths
m−1 < H−1, namely particles produced are well inside the Horizon. The validity of semi-classical
calculations cannot be trusted for light particles (m < H), whose wave lengths are larger than the
horizon size.
In the exact De Sitter spacetime, H and Λ are strictly constants in time. The number density
nM (20) of produced FF¯ pairs as a function of H/m does not depend on the time. This physically
implies that the increasing number of pairs produced is compensated by the effects of the expansion
of the spacetime.
2. Pairs’ energy density and pressure in De Sitter spacetime
The vacuum Einstein equation Gab = 0, see Eq. (1), possesses the De Sitter symmetry, i.e., has
the maximally symmetric solution Rab = −Λgab, R = −4Λ, and Λ ≡ 3H2. The energy-momentum
tensor of these pairs must take the form T ab
DS
= ρDSg
ab, due to the exact De Sitter symmetry
preserved in pair productions where ρDS is the pair energy density in De Sitter spacetime. If
one regards T ab
DS
as the energy-momentum tensor of a perfect fluid, analogously to Eq. (4), in a
macroscopic description of these pairs, one is led to the equation of state ρDS +pDS = 0 and negative
pair energy density ρDS < 0.
The negative pair energy density ρDS < 0 represents that the pair-production system gains
energy at the expense of the spacetime gravitational energy, in contrast with the normal positive
11
kinetic energy of pairs (or thermal energy of pair gas). This means that the spontaneous production
of pairs is energetically favorable. However, the corresponding positive pressure pDS = −ρDS > 0
to maintain the De Sitter spacetime of exact constant H and Λ, so that the number density nM (µ)
(20) does not change in time.
This can be possibly understood by the analogy of the first thermodynamics law for the adiabatic
transformation of the system of the volume V in which the particle number changes in time, see
for example Ref. [13],
dQ = d(ρV ) + pdV − [(ρ+ p)/n]d(nV ) = 0, (22)
which is equivalent to dρ = (ρ+ p)dn/n or p = (ndρ− ρdn)/dn with the particle number density
n, energy density ρ and normal thermal pressure p. The third term represents the energy gain by
the system due to the change in the particle number nV . The thermal pressure p is determined
by the energy production dρ and particle production dn. Equation (22) can be rewritten as
d(ρV ) + (p+ pn)dV = 0, where
pn = −ρ+ p
n
d(nV )
dV
. (23)
Suppose that the system is in a thermal equilibrium of the temperature T , undergoes an adiabatic
process dQ = 0 and the number density n of particles does not change in time, with further
assumptions of thermal temperature, pressure and energy density vanishing, i.e., p = 0 and ρ =
ρthermal + ρn = ρn. Equation (23) yields pn = −ρn, where the negative energy density ρn < 0
corresponds to the energy gain in particle productions.
Moreover, the application of the second law of thermodynamics by considering the entropy S
production due to particle productions leads to
TdS = d(ρV ) + pdV − µd(nV )
= T (S/nV )d(nV ) > 0, ⇒ S = nV, (24)
where the chemical potential µ = ρ+p−TS/V . This shows that the entropy increases as the number
of particles produced, implying the processes of particle productions are not only energetically, but
also entropically favorable.
3. Back reaction of pair productions
However, the cosmological term Λ or horizon H must changes/decreases in pair productions,
because gravitational energy of the spacetime has to pay for the energy gain due to massive pair
12
production and pairs’ kinetic (thermal) energy. In addition, the microscopic inverse process
F + F¯ ⇒ S (25)
of particle F and antiparticle F¯ annihilation to the spacetime take place. These back reactions
of pair productions on the spacetime must be taken into account and the cosmological term Λ or
horizon H are no longer constants, but decrease their values following the Einstein equation (12)
and generalized conservation law (13), in which the matter of produced pairs in turn acts on the
cosmological term Λ or horizon H. In this case, it is no longer an exact De Sitter spacetime and the
energy-momentum tensor of produced pairs is not of the form T ab
DS
= ρDSg
ab. However, it is not easy
in the horizon H varying case to exactly calculate the energy-momentum tensor of produced pairs,
including also their thermal energy and pressure. In next section, assuming the very slowly varying
horizon H, we propose an approximate way for calculations and check its validity a poteriori.
B. Fermion-antifermion Pairs’ energy-momentum tensor
Because of fermion and antifermion pairs FF¯ production (19) and annihilation (25), as well
as their back reaction on the spacetime through the Eqs. (12) and (13), the horizon H can not
keep its exact constancy. Such back reaction processes lead to a possibly slowly decreasing H, as
a result, the exact De Sitter symmetry of (H = const) is broken. As shown in previous section,
such a back-reaction process is energetically and entropically favourable. In order to take into
account the back-reaction of all produced pairs on the Einstein equation, we need to calculate in
the energy-momentum tensor T ab
M
(4) the energy density ρM and pressure pM , attributed to all
produced pairs of the averaged number density nM (20).
In this article, we mainly consider the productions of massive pair m <∼ Mpl and the slowly
decreasing H characterised by the Horizon H and its time variation τ−1
H
≡ H−1H˙ being much
small than the pair mass m > H and m τ−1
H
,
τ−1
H
m
=
H
m
 1, (26)
where  ≤ 2 is the -rate (17). Inside the Hubble horizon, many pairs have been produced and
accumulated from the initial time to the Hubble time t >∼ 2piH−1, and pair density is very large.
In this case, we calculate in the energy-momentum tensor T ab
M
(4) the pair energy density ρM and
pressure pM in the following semi-classical approximation, correspondingly to the averaged pair
number density (20). The pair energy density and pressure contributed from all produced pairs
13
are given by
ρM = 2
H3
2pi2
∫ zcut
0
dzz2k|β(0)k (t)|2
= 2
H4epiµ
16pi
∫ zcut
0
dzz3F (0)ν (z, µ), (27)
and
pM = 2
H3
2pi2
∫ zcut
0
dzz2
(k/a)2
3k
|β(0)k (t)|2
=
ρM
3
− 2 µ
2H4epiµ
3× 16pi
∫ zcut
0
dz
z3
z2 + µ2
F (0)ν (z, µ), (28)
where the energy spectrum of created particles is
k = a
−1[(k/a)2 +m2]1/2, (29)
including both mass and kinetic energy. The equation of state of these pairs is
ωM = pM /ρM , (30)
and the sound velocity cMs = ω
1/2
M
6= 0, representing the acoustic wave attributed to the density
perturbation of these massive pairs of normal and dark matter particles.
Equations (27) and (28) are not mathematically convergent for k → ∞, due to the particle
energy spectrum (29) k →∞. However, the physical ultraviolet cutoff is the Planck mass Mpl and
the physical relevant scale is the large mass m of particles produced in pair production processes
that try to produce as many as possible particles of mass m, rather than produce a few particles
with large kinetic momentum k > m. The reason is that the pair production probability |β(0)k (t)|2
is suppressed for large k. As will be seen, we consider the productions of very massive pairs, namely
very large pair mass m <∼Mpl is close to the Planck scale. Therefore, we introduce a physical cutoff
k < kcut = m, i.e., z < zcut = µ in Eqs. (27) and (28).
It is conceivable that the spacetime of the horizon H could produces many particles and antipar-
ticles (dark matter and normal matter) of different masses m > H and degeneracies gd, and their
energy densities and pressures contribute to total energy density ρM (27) pressure pM (28). Hence-
forth, we simply introduce the unique mass-degeneracy parameter “m” to effectively characterise
and describe the total contribution from all kinds of particle-antiparticle pairs and their degenera-
cies to the pairs’ number density (20), energy density (27) and pressure (28). This parameter is
simply called “effective mass parameter” and more precise definition will be given later.
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FIG. 1: This figure is reproduced from the figure 1 of Ref. [25]. The violet solid line represents the number
density of produced fermion pairs n
M
(20). The blue dashed line represents the number density of produced
boson pairs nB
M
(32). They are plotted in terms of the particle mass m/H and H = 1.
C. Boson-antiboson pair production in De Sitter spacetime
To end this section, we make some remarks on the pair productions of possible bosons B and
antibosons B†
S ⇒ B + B¯†, (31)
and contrast it with the pair production of fermions and antifermions. The number density nB
M
of
produced bosons B and antibosons is given by, see for example Refs. [25, 26],
nB
M
=
H3e−piIm(ν)
16pi
I(µ), (32)
I(µ) ≡
∫ ∞
0
dv
v2√
v2 + µ2
∣∣∣vH(1)ν−1(v)− [ν + i√v2 + µ2
− v
2
2(v2 + µ2)
]
H(1)ν (v)
∣∣∣2,
with ν ≡ √(9/4)− µ2 and vanishing coupling ξRB term of the Ricci scalar R and scalar field B.
Both the fermionic pair number density (20) and the bosonic pair number density (32) are
convergent in the ultraviolet regime. However, their behaviours are quit different, as shown in
Fig. 1. One finds that the bosonic pair number density nB
M
vanishes for massive pairs m/H  1
and has an infrared divergence in the massless pairs m/H  1. This implies almost no pair
productions of subhorizon sized bosonic particles, whose wavelengthm−1 is smaller than the horizon
size H−1. Only superhorizon sized (m/H  1) bosonic particles can be significantly produced. For
this reason, we do not consider in this article the pair production (31) of bosons and antibosons
accounting for the subhorizon sized matter content ΩM (h) and ωM in the Einstein equations (12)
15
and (13) for the Universe horizon evolution. How bosonic pair productions contribute (impact)
to (on) the energy density and pressure of the subhorizon sized matter content is postponed for
future studies.
In contrary, one finds in Fig. 1 that the fermionic pair number density nM vanishes in the mass-
less limit m/H  1, namely almost no pair productions for superhorizon sized modes. Whereas,
the fermionic pair number density increases nM ∝ mH2 for massive fermionic pairs m/H  1 of
subhorizon sized fermion modes. This means that fermionic pair productions are dominated by
well subhorizon sized modes, whose wavelength m−1 is much smaller than the horizon size H−1.
This is why in this article we actually consider only fermionic pair production and particularly
massive m/H  1 fermion-antifermion (FF¯ ) pairs’ contributions to the subhorizon sized matter
content ΩM (h) and ωM in the Einstein equations (12) and (13). Moreover, it is worthwhile to
mention in advance that for the case of m  H and m  τ−1
H
(26), we obtain the asymptotical
expressions of the fermion pair number density nM ≈ χmH2 and energy densities,
ρM ≈ 2χm2H2[1 + (1/2)(H2/m2)], χ ≈ 1.85× 10−3, (33)
pressure pM ≈ (1/6)(H2/m2)ρM and determine the numerical coefficient χ. These are crucial
expressions, which makes the studies of the cosmological constant, naturally resultant inflation
and cosmic coincidence problems to be analytically tractable.
IV. COSMIC INFLATION
In this section, we study the cosmic inflation in our scenario based on (i) the Universe evolution
equations (12) and (13); (ii) the pair productions from the spacetime described by the number
density nM (20), energy density ρM (27) and pressure pM (28); (iii) the unique mass parameter
m representing an effective mass scale. Before specifying initial conditions and finding solutions,
we give a general discussion. In the absence of matter, i.e., no pair productions, Eq. (12) shows
the Universe undergoing the inflation a ∼ expHt = exp(Λ/3)1/2t for constant H = (Λ/3)1/2,
driven by the positive gravitational potential of the cosmological Λ-term, which can be described
by a negative energy density T 00
Λ
= −ρΛ and pΛ = −ρΛ in the sense of Eq. (5). While, in the
presence of the matter, pair productions contribute a positive mass-energy density T 00
M
= ρM whose
negative gravitational potential slows down the inflation. On the other hand, pair productions are
attributed to the spacetime horizon H and cosmological Λ-term. We attempt to show how these
two dynamics compete and balance each other to realize a slowly decreasing H inflation until its
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end, fully satisfying theoretical conditions and agreeing with observations.
A. Pre-inflation and inflation
In our scenario, the classical equations from the effective Einstein theory in Secs. II and the
semi-classical framework for the pair production in Sec. III cannot be applied to the Planck regime
of the quantum gravity. Therefore we discuss the cosmic inflation by dividing it into two epochs:
pre inflation and inflation with different initial conditions (15) and (16).
In the pre-inflation epoch, we postulate that the initial conditions (15) and (16) are the char-
acteristic horizon scale Hch = H◦ and scaling factor ach = a◦, describing a pure spacetime nature
without any matter content:
h2◦ = Ω
◦
Λ
= 1, Λ◦ = 3H2◦ , Ω
◦
M
= 0, (34)
and the critical density ρ◦c = 3H2◦/(8piM
−2
pl ). This means that the cosmological term ΩΛ is dominant
over the matter ΩM , the latter is completely negligible. Needless to say, the initial value H◦ is
bound to be much smaller than the Planck scale or the reduced Planck scale of the quantum
regime, where the effects and details of the quantum gravity and/or Planck transition cannot be
ignored. Nevertheless, we present a numerical study of the pre-inflation epoch for the initial horizon
H◦ <∼ mpl at the reduced Planck scale, in order to gain an insight into the pre-inflation epoch and
its qualitative features. This could be useful information for us to seek an effective approach to
study this quantum regime at the initial horizon being close to the Planck scale Mpl.
In the inflation epoch, instead, we assume that the initial conditions (15) and (16) are the
characteristic horizon scale Hch = H∗ and scaling factor ach = a∗, and the cosmological term is
much larger than the matter content:
h2∗ >∼ Ω∗Λ  Ω∗M , h2∗ = 1, Λ∗ <∼ 3H2∗ , (35)
and the critical density ρ◦c = 3H2∗/(8piM
−2
pl ). The initial scale H∗  mpl is much smaller than the
reduced Planck scale mpl, and its value is determined in the connection with CMB observations.
In terminology, we call the pre-inflation epoch (H◦ > H > H∗) to distinguish it from the
inflation epoch (H∗ > H > Hend), where the Hend represents the inflation ending scale, that will
be duly discussed and become clear in the next section.
Provided with the initial conditions (34) or (35), using Eqs. (20), (27) and (28), we can numeri-
cally or analytically calculate the matter content ΩM (h) as a function of h, and solve the Universe
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evolution equations (12) and (13) in the pre-inflation or inflation epoch. In general, the nontrivial
result ΩM (h) 6= 0 enters the Universe evolution equations (12) and (13), dynamically leading to
the decrease of the horizon squared h2 and cosmological term ΩΛ . In turn ΩM (h) changes as a
function of h. In this way we completely determine the variations of the horizon h(x), cosmological
term ΩΛ(h) and matter content ΩM (h) in the cosmic inflation.
B. Numerical approach to pre-inflation epoch
For the pre-inflation epoch, selecting the initial horizon scale H◦ <∼ mpl in the initial conditions
(34) and the mass parameter m/H◦, we numerically integrate Eqs. (12,13) and (27,28). As a
result, we find that the pre-inflation is indeed described by a very slowly decreasing h2 and ΩΛ(h),
as illustrated in Fig. 2. This solution with inflationary characteristics appears naturally without
any further ad hoc adjustment of parameters.
The physical reasons are clear and follow. The pair production (20) is not so rapid that the ratio
ΩM /ΩΛ is very small and slowly increases, therefore h
2 and ΩΛ decrease very slowly, see Eq. (13),
as a function of e-folding numbers ln(a/a◦). Consequently, in the pre-inflation epoch, we obtain
the solution to the cosmological “constant”, slowly varying as an “area” law of H2:
Λ = 3H2◦ΩΛ(h) ≈ 3H2 or ΩΛ(h) ≈ h2. (36)
This result is consistent with Eq. (12) and negligible ΩM (h) in this pre-inflation epoch. As shown in
our numerical calculations, one of them plotted in Fig. 2, the pre-inflation epoch lasts much longer
than ln(a/a◦) > 1010, the horizon h and ΩΛ(h) monotonically decreases, due to the production of
matter ΩM (h), and the ratio ΩM (h)/ΩΛ(h) of the matter term and cosmological term monotonically
increases. A large amount of matter is expected to be produced by pair productions at the scale
H◦ <∼ mpl in this long lasting period. However, as already mentioned, such a study of the pre-
inflation epoch only gives us a qualitative insight into the regimes, whose scales are not very much
smaller than the Planck scale.
Nevertheless, it is allowed to speculate in advance that quantum fluctuation modes and acoustic
wave (30) in these regimes could be able to exit the horizon and reenter the horizon later on,
imprinting their traces on the CMB power spectrum at larger scale, and/or the power spectrum
in the nonlinear regimes of forming large scale structure and galaxies, even today. We would like
to point out the sign of the equation of state ωM (30) monotonically decreasing in Fig. 2, which
would relate to observational effects. We will come back to this point at the end of next section.
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FIG. 2: The pre-inflation solution: the inflationary characteristics naturally appear, as h and ΩΛ(h), ωM =
p
M
/ρ
M
slowly decrease in the e-folding number ln(a/a◦). The matter content ΩM (h) can be obtained by
Ω
M
(h) = h2−Ω
Λ
(h) of Eq. (7) from the plots of h and Ω
Λ
(h). The characteristic scales and critical density
as units are given in Eq. (34). In this illustration, we adopt the particle mass parameter m = H◦ = 1.
C. Analytical approach to inflation epoch
In the inflation epoch, we present an analytical and quantitative study of the inflation epoch
with the characteristic scale and initial horizon Hch = H∗  mpl being much smaller than the
reduced Planck scale. We compare our theoretical calculations with CMB observations.
1. Analytical expressions for pair procutions
Due to the continuous pair productions, H and ΩΛ decrease, Equations (12) and (13) for the
Universe evolution run into the regime of smallness H/m  1, where it is difficult to perform
numerical calculations of Hankel functions [27] in Eqs. (20), (27) and (28) for pair productions as
functions of µ = H/m. Apart from these numerical difficulties, it is also important to note that
in the semi-classical treatment of pair productions, the regime H/m 1 is physical, in the scenes
that the wavelengths λ−1 of particles produced are smaller than the radius H−1 of the Universe
horizon, i.e., λ = m−1  H−1. Therefore there particles are well inside the Universe horizon, and
their energy-mass content contributes to the Universe evolution.
We have to find an analytical approach to these formulae (20), (27) and (28) for calculating
pair productions in the regime (m  H and m  τ−1
H
). We obtain the following asymptotic
expressions:
nM ≈ χmH2, χ ≈ 1.85× 10−3 (37)
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ρM ≈ 2χm2H2(1 + s), (38)
pM ≈ (s/3)ρM , (39)
where ωM = pM /ρM ≈ s/3 and s ≈ 1/2(H/m)2  1. We numerically determine χ value in
Eqs. (37) and (38). In addition, inserting the damping factor e−σ(z2+µ2) playing the role of the
physical cutoff z < zcut = µ into Eqs. (27) and (28), we obtain Eqs. (38) and (39) by the saddle-
point approximation of variation with respect to σ. In the limit of H/m 1 and s 1, ρM ≈ mnM
and pM  1, similar to the case of massive “non-reletivistic” particles.
We use the pair energy density (38) to effectively define the mass-degeneracy parameter,
ρH
M
≈ 2χH2m2; m2 ≡
∑
f
gfdm
2
f , (40)
where gfd and mf are the degeneracy and mass of the particle of the flavor f , and the
∑
f sums up
all flavors produced. The pair-production density (37) and rate (42) show that the pair production
process is in favor of massive pairs whose wavelengths are inside the Horizon H−1. The inequality
m2f > H
2 implies that the degeneracy gfd should be small in the epoch of large H
2 value, whereas it
should be large in the epoch of small H2 value. Therefore the effective mass-degeneracy parameter
m in general depends on the epoch of the Universe evolution. The value of this unique mass-
degeneracy parameter “m” is determined by observations.
Another important quantity describing the pair-production process is the averaged pair-
production rate,
ΓM ≈ dN/(2pidt) ≈ (H/2pi)dN/dx, (41)
where N = nMH
−3/2 is the number of particles. Using Eq. (37), we obtain
ΓM ≈ −(χm/4pi)(H−1dH/dx) = (χm/4pi) (42)
where the -rate for the Universe evolution is defined in Eq. (17).
In these analytical formulae, the leading order of both nM (37) and ρM (38) follows the “area”
law ∝ H2, rather than the “volume” law ∝ H3 in Eqs. (20-28). The physical picture is that the
large number (or degeneracies gd) N ∼ H−1/m−1  1 of pairs is produced mainly in the thin layer
of the width 1/(χm) on the horizon surface area H−2. This is also in accordance with the spirit of
the holographic principle [28]. Otherwise, the number (entropy) N of degree freedom would have
been vastly over-counted for a large horizon size H−1, if the number density of pairs produced
from the spacetime was the volume density nM ∝ H3. In addition, from Eq. (12), we find that
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the “area” laws nM ∝ H2 (37) and ρM ∝ H2 (38) of pair productions have important physical
consequences to the evolution of the cosmological Λ-term, as a function of H2.
We note in advance that in the physical regime (H/m  1 and m  τ−1
H
) these analyti-
cal expressions (37-42), which approximately describe the Hawking-Parker type process of pair-
production of particles and antiparticles, are essential for our further analyzing each epoch of the
Universe evolution: inflation, reheating, radiation and matter dominated epochs.
2. Inflation epoch and its end
To study the inflation epoch, we select the characteristic horizon scale Hch = H∗ and scaling
factor ach = a∗, and the critical density ρ∗c = 3H2∗/(8piM
−2
pl ) = 3H
2∗m2pl, moreover
h2∗ = 1, h ≡ H/H∗, H∗  mpl,
ρ∗
M
= 2χm2H2∗ , Ω
∗
M
≡ ρ∗
M
/ρ∗c = (2/3)χ(m/mpl)
2 (43)
ρ∗
Λ
= Λ∗/(8piM−2pl ), Ω
∗
Λ
≡ ρ∗
Λ
/ρ∗c ,
Ω∗
Λ
= h2∗ − Ω∗M  Ω∗M , (44)
as the initial conditions (15) and (16) for the evolution equations (12) and (13). We select a priori
initial scale H∗  mpl so that the effects and details of quantum gravity and Planck transition
could possibly be ignored in the inflation epoch, Eqs. (12) and (13) con be approximately valid.
We will duly verify the condition H∗  mpl and Eq. (44) a posteriori.
Using the analytical expressions (37-42) in the previous section, the mass-energy content of
pairs produced in this epoch is given by
ΩM ≡ ρM /ρ∗c ≈ (2/3)χ(m/mpl)2(H/H∗)2(1 + s). (45)
Consequently, Equation (13) becomes
dH2/dx ≈ −2χm2H2(1 + ωM )(1 + s), (46)
yielding the inflationary solution of slowly decreasing H
H ≈ H∗ exp−χm2x = H∗(a/a∗)−χm2 . (47)
This is due to the small parameter χm2 (dimensionless)
χm2 ≡ χ(m/mpl)2  1, (48)
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that we define here and will use it henceforth, in order to simply notations. Readers should not
confuse it with the dimensional quantity m2. Due to the smallness of the parameter χm2, the H
is almost constant H∗ and the solution (47) shows inflationary characteristics.
Because of continuous pair productions, the matter ΩM makes H slowly decreasing (13), the
inflation slowdown, and eventually end at a = aend and H = Hend. The time when the inflation
ends can be preliminarily estimated by the inflationary rate Hend being smaller than the averaged
pair-production rate ΓM (42), namely
Hend < ΓM . (49)
However, this inequality provides the upper bound Hend of the horizon H at the end of inflation.
The value Hend should be theoretically determined more precisely by studying the dynamical tran-
sition from the inflation epoch to the reheating epoch, since such transition cannot be instaneous.
We close this section of analytical solution to the inflation by emphasizing the evolution of the
cosmological “constant”. In the inflation epoch H∗ > H > Hend, analogously to Eq. (36) in the
pre-inflation epoch, the solution to the cosmological “constant” is given by the “area” law:
Λ = 3H2∗ΩΛ ∝ H2, (50)
obtained from the fact that ΩΛ = (H/H∗)
2 − ΩM dominates over ΩM ≈ (χm2/3)(H/H∗)2, i.e.,
the matter contribution is negligible compared with cosmological “constant” contributions to the
inflation of Universe. As will be shown in the next section, the cosmological constant term ΩΛ
domination continues up to the inflation end defined by a = aend and H = Hend.
D. Comparison with observations
Let the characteristic scale and initial scale Hch = H∗ of the inflation correspond to the inter-
ested mode of the pivot scale k∗ crossed the horizon (csk∗ = H∗a∗) for CMB observations, one
calculates the scalar, tensor power spectra and their ratio
∆2R =
1
8pi2
H2∗
m2pl  cs
, ∆2h =
2
pi2
H2∗
m2pl
;
r ≡ ∆
2
h
∆2R
= 16  cs, (51)
where the quantity cs < 1 is due to the Lorentz symmetry broken by the time dependence of the
background [6]. The deviations of the scalar and tensor power spectra from the scale invariance
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are described by
∆
(n)
R, h ≡
dn ln ∆R, h(k)
d(ln k)n
∣∣∣
k∗
≈ d
n ln ∆R, h(k∗)
dxn
,
evaluated at the pivot scale k∗ for n = 1, 2, 3, · · ·. Adopting the conventional definitions and
notations, to the leading orders we have
ns − 1 ≡ ∆(1)R ≈ −2− η − κ, αs ≡ ∆(2)R ≈ n′s, (52)
nt ≡ ∆(1)h = −2, n˜t ≡ ∆(2)h ≈ n′t, (53)
and α˜s ≡ ∆(3)R ≈ α′s, where η ≡ ′/ and κ ≡ c ′s/cs. The definition of derivative is defined as
(· · ·)′ ≡ d(· · ·)/dx.
1. Determining characteristic scale of inflation
In this theoretical framework, using the solution (46) and (47), we can calculate  (17) and its
high-order derivatives in Eqs. (52) and (53), obtaining
 ≡ −H ′/H|k∗ ≈ χm2(1 + s), (54)
η ≡ ′/|k∗ ≈ −3χm2s ≈ −3 s ,
and
η′ ≈ −3η2, ′′ ≈ η2− 3η3, η′′ ≈ 9η4 − 6η22,
which are evaluated at the pivot scale k∗. Equation (54) shows   1, then η < η′ < η′′  1. In
the present article of preliminarily studying the spectral indices and their variations, we do not
discuss the values of cs and its variation κ, simply assuming that cs <∼ 1, κ ∝ ′ and κ′ ∝ ′′ are
small for H∗/m 1. Therefore, from Eqs. (52) and (54), we obtain
 ≈ χm2; 2 ≈ 1− ns − κ ≈ 1− ns. (55)
In addition, we calculate the high order variations of the spectral indexes (52) and (53)
n′s < 
2 ≈ (1− ns)2/4, n′′s < 3 ≈ (1− ns)3/8,
and we need to know the value of the parameter κ = c ′s/cs for further parameter constrains.
We are in the position of discussing our theoretical results in connection with observations.
Based on two CMB observational values at the pivot scale k∗ = 0. 05 (Mpc)−1 [29]:
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(i) the spectral index ns ≈ 0.965, from which we use Eq. (54) to estimate the unique parameter
of mass scale
m = m∗ <∼ 3.08mpl, (56)
by using 2 ≈ 2χm2∗ <∼ 1−ns ≈ 0.035 for  η and assuming 2 < κ. Here the dimensionless
parameter is defined as χm2∗ ≡ χ(m∗/mpl)2 (48);
(ii) the scalar amplitude As = ∆
2
R(k∗) ≈ 2.1 × 10−9, from which we use Eq. (51) to determine
the characteristic scale, i.e., the inflation scale
H∗ = 3.15× 10−5 (r/0.1)1/2mpl, (57)
and we use Eq. (42) to give the pair-production rate
Γ∗M = (χm∗/4pi) = 7.9× 10−6mpl, (58)
at the pivot scale k∗ for the mode horizon crossing.
Note that we adopt the CMB observations to fix the value m∗ of the unique mass parameter m
introduced to represent the effective mass scale of pair productions and contributions to the mass-
energy of matter content. As a result, the inflationary scale H∗ and pair-production rate Γ∗M are
also fixed. The energy-density ratio of pairs and cosmological term energy densities is given by
ρ∗
M
ρ∗
Λ
≈ 2χ(m∗H∗)
2
3(mplH∗)2
=
2
3
χm2∗ ≈ 1.17× 10−2, (59)
and H2∗ ≈ ρ∗Λ/(3m2pl). This shows that the pairs’ contribution ρM to the Hubble horizon (12) is
indeed negligible, compared with the cosmological term contribution ρΛ in the inflation epoch.
Despite its smallness, the pairs’ energy density makes the Hubble rate H slowly decrease.
2. Inflation e-folding number and r − ns relationship
The inflation is supposed to end when the condition of ΓM > Hend (49) is satisfied. This is a
necessary condition, but could not be a sufficient condition. Nevertheless, we use this necessary
condition to give bounds on the tensor-to-scalar ratio r and the e-folding numbers Nend = xend =
ln (aend/a∗) from the inflationary scale H∗ corresponding to the pivot scale k∗ to the inflation
ending scale Hend. Using the inflationary solution (47), we obtain
Hend = H∗ exp−(Nend), (60)
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in our scenario. From Eqs. (42) and (60), we have for ΓM > Hend,
(χm/4pi)  > H∗ exp−(Nend), (61)
where H∗ (57), χm2 ≈ 2 and 2 ≈ 1 − ns (55) for η, κ  1. This yields the number Nend of
e-folding before the inflation end
Nend = ln
(
aend
a∗
)
>
2
1− ns ln
[
7.91× 10−4 (r/0.1)1/2
(1− ns)χ (m/mpl)
]
(62)
=
2
1− ns ln
[
1.12× 10−3 (r/0.1)1/2
(1− ns)3/2 χ1/2
]
, (63)
in the second line the unique mass parameter m is replaced by the observed quantity of spectral
index ns: (m/mpl) = [(1− ns)/2χ]1/2 (55). As a result, being independent of any free parameter,
Equation (63) yields a definite (ns − r)-relationship between the spectral index ns and the scalar-
tensor-ratio r,
(r/0.1) < 7.97× 105χ(1− ns)3e(1−ns)Nend , (64)
for a given Nend value of inflation e-folding number. For the value ns = 0.965 and m = m∗ (56), we
find the results r < 0.037, 0.052 for Nend = 50, 60 in agreement with observations [29]. Moreover,
to show such an agreement we plot the parameter-free (ns − r) relation (64) on the Figure 28
of the Planck 2018 results [29], showing that two curves respectively representing Nend = 60 and
Nend = 50 are in the blue zone constrained by observational data sets.
From Eq. (60), the inflation ending scale Hend is given by
Hend = H∗e−χm
2∗Nend
≈ H∗e−(1−ns)Nend/2 ≈ (0.42, 0.35)H∗, (65)
for the e-folding number Nend = (50, 60) and the tensor-to-scalar ratio r = (0.037, 0.052). The
numerical result Nend (63) depends on the CMB measurements of r and ns. Equations (57,59),
and (65) show that the H-variation is very small in the inflation epoch, implying
H2end =
ρend
Λ
+ ρend
M
3m2pl
>∼
ρend
Λ
3m2pl
;
ρend
M
ρend
Λ
 1. (66)
Namely, the cosmological term ρend
Λ
≈ 3m2plH2end is still dominant over the pair energy density
ρend
M
≈ 2χm2∗H2end at the inflation end.
As a result, from Eqs. (56), (57) and (60), a posteriori we give a consistent check of our
assumption Hend < H∗  mpl and H∗/m∗ <∼ 1.02 × 10−5  1, and have confidence to adopt
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FIG. 3: On the Figure 28 of the Planck 2018 results [29] for constraints on the tensor-to-scalar ratio r,
we plot the parameter-free (ns − r) relation (64) that shows in the observed ns-range, two QFC curves
respectively representing Nend = 60 and Nend = 50 are consistently inside the blue zone constrained by
several observational data sets. The real values of r ratio should be below the curves due to the nature of
inequality (64). As a short notation, the abbreviation QFC stands for the model Λ˜CDM studied in this
article.
the semi-classical frameworks and equations presented in Secs. II and III. It should be mentioned
that the criteria ΓM > Hend (49) is indicative, we expect to determine the values Nend and Hend by
detailedly studying the dynamical transition from the inflation to the reheating epoch in connection
with observations, which are however postponed to future investigations.
E. Large-scale anomaly and dark-matter acoustic wave
In order to see any observable physical effect of particle and antiparticle pairs from the pre-
inflation or inflation epoch, using Eqs. (12) and (13), we recast Eqs. (51) and (17) as
∆2R(k) =
1
12pi2
H2R−1
M
m2pl(1 + ωM )cs
=
1
8pi2
H2
m2pl  cs
, (67)
 =
3
2
(1 + ωM )RM , (68)
where the ratio
RM ≡
ΩM
ΩΛ + ΩM
=
ρM
ρΛ + ρM
. (69)
Let us examine the evolution of the scalar spectrum (67) from the “pre-inflation” epoch H◦ >
H >∼ H∗, where the equation of state ωM ∼ 1/3 (Fig. 2) for H◦/m <∼ 1, to the inflation epoch
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ωM = s/3  1 (39) for H∗/m  1. The evolutions of H and ΩΛ,M are very slowly, and the ratio
RM is almost constant, RM ≈ χm2/3 for the inflation epoch ρM ≈ χm2H2 (38). This shows that
the scalar spectrum ∆2R(k) (67) decreases (1 + ωM )
−1 ≈ 3/4 at most, due to the ωM variation, as
the scalar spectrum goes to the large distance scale of the CMB observations, exploring high-energy
scale of the horizon crossing. This probably explains the large-scale anomaly of the low amplitude
of the observed CMB power spectrum at low-` multipole, namely the CMB power spectrum Dl
drops ∼ 3/4 at l = 2. These discussions are preliminary and qualitative, and further detailed
quantitative studies are required.
Moreover, since the equation of state of produced pairs is trivial, ωM 6≡ 0, and productions
and annihilations of pairs undergo back and forth, there could be the acoustic wave of dark-
matter and matter density perturbations (oscillations) δρM /ρM , in the “pre-inflation” epoch and
the inflation epoch, described by the sound velocity cMs = (∂pM /∂ρM )
1/2 = ω1/2
M
. For the reasons
that the most of matter has been produced by pair productions in the pre-inflation and inflation
epochs and the dark matter dominates over the normal matter observed today, we suppose that in
particle-antiparticle pairs produced in the pre-inflation and inflation epochs, there are much more
dark-matter particles than normal matter particles. Therefore we introduce the abbreviation DAO
stands for the dark-matter acoustic oscillations, indicating this acoustic wave mainly coming from
the dark-matter acoustic oscillations. Analogously to metric perturbations, these acoustic waves
could exit the horizon and reenter the horizon at large scales. These dark-matter or matter sound
waves from the pre-inflation or inflation should probably have imprinted in the both CMB and
matter power spectra at large scales of k∗ ∼ 10−3Mpc−1. This is a phenomenon very much similar
to baryon acoustic oscillations (BAO).
We can give here a qualitative description of this DAO phenomenon. The acoustic waves comes
from the DAO in the pre-inflation epoch, whose sound velocity cMs = ω
1/2
M
< 0.58 and amplitude
δρM /ρM expected to be small, because of a small amount of relativistic pairs produced. They exit
the horizon and reenter the horizon again, imprinting their traces on the matter power spectra
in the large scale structure regime, the nonlinear regime and even today. Whereas the acoustic
waves comes from the DAO in the inflation, whose sound velocity cMs = ω
1/2
M
≈ (1/6)1/2(m∗/H∗) ∼
10−3−10−4 and amplitude δρM /ρM expected to be larger than the one from the pre-inflation epoch,
because of a larger amount of non-relativistic pairs produced. They exit the horizon and reenter
the horizon again, imprinting their traces on the CMB power spectrum in the last scattering regime
of the pivot scale k∗. In this article, we do not know the quantitative amplitude δρM /ρM , and will
present detailed calculations and studies in future publications.
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At the end of this section, we have to mention that the results of slowly varying H in the pre-
inflation epoch (see Fig. 2) and the inflation epoch (47) in turn justify our approximate calculations
(27) and (28) by using formulas for a constancy H, i.e., the adiabatic approximation for the pair-
production rate being much larger than the rate of the horizon variation. We would like to also
emphasize that these results of pre-inflation and inflation are obtained without any extra field
and/or exotic modeling beyond the effective Einstein equation and semi-classical Hawking-Parker
type pair production.
V. A PRELIMINARY DISCUSSION OF THE REHEATING
The inflation epoch ends and reheating epoch starts. The transition and process from one epoch
to another epoch cannot be instantaneous, and must be very complex. As an example, here we
mention one microscopic process. In addition to the annihilation to the spacetime (25), produced
pairs are very massive and decay to relativistic light particles. In general, the decay rate of massive
pairs can be expressed as
ΓdecayM ∝ g2Ym (70)
where gY ∼ O(1) is the Yukawa coupling between the massive pairs and relativistic particles. It
is important to note that the decay rate ΓdecayM (70) depends not only on the Yukawa coupling gY ,
but also on the phase space of final particles, to which massive pairs decay.
In the reheating epoch, massive pairs predominately decay to relativistic light particles,
ΓdecayM > ΓM > H, (71)
and the enormous entropy of a larger amount of relativistic particles is generated. The evolution
of produced pairs approximately follows the conservation of particle number,
dnM
dt
+ 3HnM = −ΓdecayM nM ; i.e., (nMUa); b = −ΓdecayM nM , (72)
which has to be integrated together with the two basic equations (12) and (13).
Postponing the detailed studies of the reheating epoch to the next article, here we simply
introduce that the reheating end is characterized by the time t˜ = 0 and scales ach = a˜
Hch = H˜, ρ˜c = 3H˜
2m2pl, (73)
and the temperature T˜ . Moreover we postulate that at the reheating end the matter term Ω˜M
dominates over the cosmological term Ω˜Λ , namely,
h˜2 >∼ Ω˜M (H˜) Ω˜Λ(H˜), (74)
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for the possibilities that in the reheating epoch the most amount of cosmological term ΩΛ converts
into the matter term ΩM that is dominant and accounts for most relevant amount of the matter
in the Universe. Some of massive matter decay to relativistic particles leading to hot Big Bang,
others are stable playing the role of cold dark matter. This will be the issues of next article [38].
Equations (73) and (74) are the specific initial conditions (15) and (16) for the beginning of the
standard cosmology epoch, that we will use for integrating basic evolution equations (12) and (13)
to calculate in next sections the variations of the horizon H, cosmological term ΩΛ and matter
term ΩM in the epoch of standard cosmology.
VI. COSMIC COINCIDENCE
Our goal in this section is to find the variations of the horizon H, cosmological term ΩΛ and
matter term ΩM , as well as their relationships in the epoch of standard cosmology, by integrating
the evolution equations (12) and (13) with the initial conditions (73) and (74). In order to do this,
we first need to distinguish two different kinds of matter contributions (terms) to the evolution
equations (12) and (13), because they follow different evolution laws and start from the different
initial conditions.
A. Two kinds of matter contributions
In this theoretical framework, there are two kinds of matter contributions to the evolution
equations (12) and (13) in the standard cosmology epoch.
1. Λ-coupled matter
The first kind of the matter is called the “Λ-coupled” matter and denoted by ΩΛ
M
(h) and its
equation of state ωΛ
M
, indicating its origin from the spacetime horizon H. Analogously to massive
pairs produced in the inflation, the “Λ-coupled” matter is attributed to the process of particle and
antiparticle (FF¯ ) pair productions after the reheating. Their densities, pressure and equation of
state are computed by Eqs. (20) and (27)-(30) from the initial time t˜ = 0 to the final time t > t˜,
characterized by another mass parameter m = m˜ 6= m∗ (56). This mass parameter m˜ is unique
and introduced to represent the effective mass scale and degeneracy of pair productions after the
reheating epoch. Its value should be determined by observations.
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In the case H/m˜ 1, the “coupled” matter is approximately represented by the number, energy
densities and equation of state,
nΛ
M
≈ 2χm˜H2, ρΛ
M
≈ 2χm˜2H2, and ωΛ
M
≈ 0, (75)
where H denotes the horizon scale of the epoch under consideration. These are analogous to
Eqs. (37,38) and (39) in the inflation epoch. However, their initial values are
n˜Λ
M
≈ 2χm˜H˜2, ρ˜Λ
M
≈ 2χm˜2H˜2, and ωΛ
M
≈ 0, (76)
corresponding to the initial conditions (73) and (74) at the end of the reheating. In the unit of the
critical density ρ˜c (73), we have
ΩΛ
M
(h2) =
ρΛ
M
ρ˜c
≈ (2/3)χm˜2h2, and Ω˜Λ
M
≈ (2/3)χm˜2, (77)
where h2 = (H/H˜)2 and the dimensionless parameter χm˜2 = χ(m˜/mpl)
2  1, similar to Eq. (48).
We will check the validity and consistency of this approximation H/m˜ 1 in due course.
2. Conventional matter
The second kind of the matter is called the “conventional” matter of all particles that have been
already produced by the end of the reheating, referring to the matter content Ω˜M (H˜) in Eq. (74).
This matter content is exactly the same as the usual matter content studied in the standard
cosmology. In order to avoid too many notations, we henceforth use conventional notations ΩM
and ωM = 1/3, 0 to represent the conventional matter of relativistic or non-relativistic particles,
unless otherwise stated. These notations are the same as those used for the massive pairs in the
inflation, and readers should not be confusing.
As will be immediately explained below, the conventional matter ΩM approximately follows its
own conservation law (x = ln a/a˜),
dΩM /dx ≈ −3(1 + ωM )ΩM , ΩM (a˜) = Ω˜M  Ω˜Λ . (78)
and its evolution is then represented by
ΩM ≈ Ω˜M exp−3(1 + ωM )x = Ω˜M
(
a˜
a
)3(1+ω
M
)
. (79)
These equations are the same as those in the standard cosmology.
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B. Coupled equations for Ω
M
and ΩΛ evolutions
The total matter content should contain these two kinds of matter contributions,
Ωtot
M
= ΩΛ
M
(h) + ΩM . (80)
The basic evolution equations (12) and (13) become
h2 = (ΩM + Ω
Λ
M
+ ΩΛ), (81)
d
dx
(
ΩM + Ω
Λ
M
+ ΩΛ
)
= −3(1 + ωM )ΩM (82)
− 3(1 + ωΛ
M
+ ωdecay
M
)ΩΛ
M
,
where the decay ratio ωdecay
M
≡ ΓdecayM /H is due to the decay (72) of massive pairs ΩΛM into relativistic
or non-relativistic particles. Equation (81) shows that the cosmological term ΩΛ , the Λ-coupled
matter ΩΛ
M
(h) and the conventional matter ΩM are indirectly coupled together via the horizon h
2.
Their variations depend on each other via Eq. (82).
1. Indirect interaction between matter and “dark energy” via horizon
Let us consider the epoch of the conventional matter domination:
ΩM  ΩΛ >∼ 0 and ΩM  ΩΛM >∼ 0, (83)
after the reheating end (74) and (77). At the leading order for the smallness (ΩΛ + Ω
Λ
M
)/ΩM  1,
Equations (81) and (82) becomes h2 ≈ ΩM and Eq. (78). We then substitute the leading-order
result ΩM into Eqs. (81) and (82) to obtain the corrections from (ΩΛ + Ω
Λ
M
)/ΩM  1 for the next
leading order,
h2 ≈ (ΩM + ΩΛM + ΩΛ), (84)
d
dx
(
ΩΛ
M
+ ΩΛ
)
≈ −3(1 + ωΛ
M
+ ωdecay
M
)ΩΛ
M
, (85)
where the Λ-coupled matter ΩΛ
M
= ΩΛ
M
(h2) is calculated by Eq. (77). Equation (85) shows that
the decrease of the cosmological term ΩΛ is due to pair production Ω
Λ
M
, the latter gains energy
from the former. If there was no pair production ΩΛ
M
= 0, the cosmological term ΩΛ would be a
constant.
In fact, that Eq. (82) is split into Eqs. (78) and (85) implies the approximate conservation of
the conventional matter produced by the end of the reheating epoch. The reasons are after the
reheating epoch,
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(i) the pair-production density nΛ
M
(75) is very small and its contribution to the total matter
content (80) is negligible, compared with the conventional matter ΩΛ
M
;
(ii) the annihilation rate ΓM (42) of pairs in the conventional matter to the spacetime (25) is
much smaller than the decay rate ΓdecayM ∝ g2Y m˜ of massive pairs decay (72) to relativistic
particles.
Thus these two effects (i) and (ii) have negligible impacts on the conventional matter ΩM and it
evolution (79). This means that the conventional matter ΩM does not have direct interactions
with the Λ-term ΩΛ and Λ-coupled matter Ω
Λ
M
. This can also be seen from Eq. (85), which is
independent of the conventional matter ΩM .
However, the conventional matter ΩM indirectly couples to the term (Ω
Λ
M
+ ΩΛ) through the
horizon h2 of Eq. (84). Thus, it has impacts on the evolution of the (ΩΛ
M
+ΩΛ) term via the horizon
h variation. This can be seen by Eq. (85), whose RHS depends on the horizon h, via the Λ-coupled
ΩΛ
M
(h2) (77). As a result, in such a approximation, we obtain the coupled evolution equation (78)
or (79) and
h2 ≈ ΩM + ΩΛ , (86)
dΩΛ/dx ≈ −3(1 + ωΛM + ωdecayM )ΩΛM (h2), (87)
where we rewrite (ΩΛ
M
+ ΩΛ) as a new notation ΩΛ called “dark energy”, since it overall represents
the dark energy in observations. This means that the dark energy consist of the cosmological term
and pairs’ contribution from the horizon. Equations (86) and (87) show an indirect interaction
of the conventional matter and dark energy through the Λ-coupled matter ΩΛ
M
(h2) (77) and the
varying horizon scale h2 (86). In addition, because of ΩM  ΩΛ >∼ 0 (83), the dark energy ΩΛ back
reaction on the conventional matter ΩM evolution (79) is negligible.
In summary, the conventional matter ΩM interacts with the dark energy in the following way.
The conventional matter ΩM follows evolution (79) and impacts on the horizon h
2 variation (86),
which determines the variation of the Λ-coupled matter ΩΛ
M
(h2) (77). As a result, the dark energy
ΩΛ evolution in each epoch after the reheating is completely determined by the evolution equation
(87) and its initial value determined by the transition from one epoch to another.
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2. Massive pairs decay to relativistic and non-relativistic particles
In order to see how the decay of massive pairs ΩΛ
M
impacts on the dark energy in Eq. (87), we
examine the so-called decay ratio
ωdecay
M
≡ ΓdecayM /H, (88)
which appears in Eqs. (82), (85) and (87). In units of expanding rate H, this ratio effectively
describes the massive pairs decay to relativistic or non-relativistic particles in the radiation or
matter dominate epoch. The rate Γdecay
M
∝ gY m˜ (71) of massive pairs decay to particles depends
not only on gY and m˜, but also on the final states and phase space of particles that they subsequently
decay. Therefore the decay rate Γdecay
M
varies from the radiation dominate epoch to the matter
dominate epoch. We are not able to quantitatively calculate the ratio ωdecay
M
(h) as a function of
the Hubble horizon h in time.
Nevertheless, to have an insight into the variation of the ratio ωdecay
M
(h) (88) in the transition
from one epoch to another, we introduce its effective values in the transition respectively. In the
radiation dominated epoch
ωdecay
M
≈ ωdecay
M,R
, (89)
for final decay products being relativistic particles. In the matter dominated epoch
ωdecay
M
≈ ωdecay
M,M
, (90)
for final decay products being non-relativistic particles. The values of ωdecay
M,R
and ωdecay
M,M
are different.
They are expected to be of the order of unity and vary smoothly for the following reasons. If the
expansion rate is much larger than the decay rate, H > ΓdecayM , spacetime generated pairs (77)
have no enough time to undergo the decay process, like a “decoupled” phenomenon. Instead, in
the “coupled” phenomenon ΓdecayM
>∼ H [5], the ratio ωdecayM ∝ O(1) and the pair decay process can
relevantly couples to the Universe evolution through Eqs. (86) and (87).
C. Ω
Λ
− Ω
M
relation and cosmic coincidence
We are in the position to find the solution to the coupled equations (86) and (87), starting from
the initial conditions (73) and (74) at the end of the reheating. Inserting ΩΛ
M
(77) into Eq. (87),
we obtain
dΩΛ
dx
+ δΩΛ = −δΩM , δ ≡ 2χ m˜2 (1 + ωdecayM ) 1, (91)
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which can written as dΩΛ/dx = −δ h2 showing that the dark energy couples to the horizon h.
From the RHS δΩM of this equation (91), we notice that the “horizon coupling” δ between the
cosmological term and conventional matter term ΩM is not zero, but very small. Such a horizon
coupling is induced from the pair production (75) at the horizon. In addition, the term δΩΛ shows
that the initial conditions for this differential equation crucially depend on the ΩΛ-value transition
from one epoch to another, as will be shown below.
1. Ω
Λ
− Ω
M
tracking in radiation dominated epoch
In the standard cosmology, the radiation dominated “dark” epoch starts at the reheating end.
We have the approximate solution to Eqs. (91) and (79) (x = ln a/a˜ and ωM = 1/3)
ΩΛ =
δRΩ˜M
4− δR
e−4x + e−δRx C˜ = δR
4− δR
ΩM  ΩM , (92)
δR ≡ 2χ m˜2 [1 + ωdecayM,R ] 1, (93)
for ωdecay
M,R
(89) slowly varying, compared with ΩM -variation (79). In agreement with the conditions
(73) and (74), here we choose the initial condition at the reheating end a = a˜:
C˜ = 0, Ω˜Λ = δRΩ˜M /(4− δR) ΩM , (94)
for the reason that the reheating epoch end and radiation dominated “dark” epoch are radiation
dominated, the transitions from one to another should be “continuous”, namely both epochs have
ωM = 1/3 and the same values of ω
decay
M,R
. However, this is just an argumentation, it needs a detailed
numerical study of the reheating epoch and its transition to the radiation dominated epoch, since
the coefficient C˜ (94) is the integration over “continuous” transitions from the reheating epoch to
the radiation dominated epoch.
Solution (92) shows that in the radiation dominated epoch, the cosmological term is much
smaller than the conventional matter term ΩΛ  ΩM . Most importantly, it shows that the evolution
of the cosmological term ΩΛ linearly tracks down (follows) the evolution (79) of the conventional
matter ΩM . Here we adopt the terminology “track down” used in the discussions of Ref. [32]. Such
tracking continues until the Universe reaches the radiation-matter equilibrium of characteristic
scale aeq and Heq, where the cosmological and conventional matter terms arrive at their values,
Ωeq
Λ
=
δR
4− δR
Ωeq
M
 1, Ωeq
M
= ΩM (aeq)
<∼ 1, (95)
in units of the corresponding density ρ eqc = 3H
2
eq. We estimate the ratio (aeq/a˜) = (T˜ /Teq) ∼
1015GeV/10 eV ∼ 1023, showing that the radiation dominated “dark” epoch is a rather long epoch.
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Since ΩM  ΩΛ , the conventional matter ΩM mainly contribute to the horizon evolution h2 >∼
ΩM (86). As a consequence, Equation (92) shows that the cosmological constant is small and varies
as an “area” law at the leading order O(δR),
ΩΛ ≈ (δR/4)h2 ≈ (δR/4) ΩM , (96)
and its contribution to the horizon h2 is negligible for δR  1. However, it is due to such a small
horizon coupling δR that the cosmological term follows the conventional matter evolution (79)
from the values (Ω˜Λ , Ω˜M ) at the reheating end (94) to the values (Ω
eq
Λ
,Ωeq
M
) at the radiation-matter
equilibrium (95) in this long and dark epoch.
2. Cosmological constant in matter dominated epoch
We turn to the matter dominated epoch starting from the radiation-matter equilibrium point
aeq (95) to the present time a ' a0 and (a/aeq) ' (1 + z) ∼ 104. This is a light epoch and it
is very short, compared with the long dark epoch previously discussed. We have the following
approximate solution to Eqs. (91) and (79) (x = ln a/aeq and ωM = 0)
ΩΛ =
δM
3− δM
ΩM + e
−δ
M
xCeq (97)
δM = 2χ m˜
2 [1 + ωdecay
M,M
], (98)
assuming ωdecay
M,M
(90) slowly varying, compared with ΩM -variation (79). The coefficient Ceq has to
be fixed by matching the solution (97) with the condition (95) at the radiation-matter equilibrium
Ceq = 2χm˜2 ∆ωdecay
M
Ωeq
M
6= 0, (99)
∆ωdecay
M
= ωdecay
M,R
/4− ωdecay
M,M
/3− 1/12. (100)
The factor 1/12 in Eq. (100) is the variation from relativistic particles ωM = 1/3 to non-relativistic
particles ωM = 0. Recalling the decay ratio definition ω
decay
M
(88), the ∆ωdecay
M
represents the
variation of the decay ratio ωdecay
M
in the transition from the radiation dominated epoch to matter
dominated epoch. Its value needs a detailed numerical study of integrating over all possible phase
space in such a “discontinuous” transition. However, we has not yet been able to do this calculation,
and adopt ∆ωdecay
M
to represent the effective variation from ωdecay
M,R
(89) to ωdecay
M,M
(90). The property
∆ωdecay
M
> 0 is due to a larger and recursively generated phase space of final states of particles and
their subsequent decays [31].
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In this light epoch, the solution (97) shows that the first term decreases as ΩM ≈ ΩeqM (a/aeq)−3 =
Ωeq
M
(1+z)−3, and ΩΛ fails to track down ΩM , but approaches to the second term of a slowly varying
“constant”.
ΩΛ ≈ Ceqe−δM x, (101)
where e−δM x ≈ 1 very slowly varies for δM  1. The failure of ΩΛ tracking ΩM is due to the
changes of matter evolution and its particle content. This means that until the current epoch, the
cosmological term ΩΛ has been almost “frozen” to its value (99) depending on the value Ω
eq
M
at
the radiation-matter equilibrium. This gives an explanation why the cosmological term is almost
constant in the current epoch.
3. Estimation of Ω
Λ
and Ω
M
coupling
In order to estimate the horizon coupling δR,M ≈ 2χm˜2, from Eqs. (97) and (99) we obtain the
ratio
ΩΛ/ΩM ≈ (δM /3) + 2χm˜2 ∆ωdecayM (1 + z)3. (102)
Using current observations Ω0
Λ
≈ 0.7 and Ω0
M
≈ 0.3, correspondingly the redshift z+1 = (a0/aeq) ∼
104 at the radiation-matter equilibrium, we obtain
2χm˜2∆ωdecay
M
≈ (1 + z)−3ΩΛ/ΩM
≈ (1 + 104)−3Ω0
Λ
/Ω0
M
≈ 2.3× 10−12, (103)
where the superscript or subscript “0” represents the current epoch. As discussed at the end of
Sec. VI B 2, ∆ωdecay
M,R
, ∆ωdecay
M,M
and ∆ωdecay
M
are of the order of unity ∼ O(1), thus we estimate the
horizon coupling δR,M ≈ 2χm˜2 ∼ O(10−12) and the mass scale parameter m˜ ∼ 1014 GeV coinciding
with the characteristic scale (temperature) T˜ of the reheating. This value is also consistent with our
assumption m˜ H for using the asymptotic solutions (37-39) in these epochs after the reheating.
On the other hand, the results (95), (99) and (101) show that the current value of the cosmolog-
ical term is the almost same as its value at the radiation-matter equilibrium. We use the relation
ρ0
Λ
+ ρ0
M
= ρ0c of Eq. (12) at the present time to estimate the current value of dark energy density
ρ0
Λ
≈ ρeq
Λ
=
δR
4
ρeq
M
=
δR
4
(
a0
aeq
)3
ρ0
M
≈ ρ0c =
3
8piGH−20
, (104)
where
δ
R
4 (a0/aeq)
3 ∼ O(1), namely, the current value of the cosmological constant Λ0 ∝ H20 [33].
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FIG. 4: The ratio ΩΛ/ΩM (105) is plotted as a function of ln(a/aeq), where the scaling factor a runs from
the reheating end a˜, through the radiation-matter equilibrium aeq to the present time a0, a˜ < aeq < a0.
It shows that (i) the tracking-down behavior: the ratio is a small constant ∼ 10−12 for ln(a/aeq) < 0; (ii)
the tracking-down failure occurs around the radiation-matter equilibrium ln(a/aeq) = 0; (iii) ΩΛ ≈ const.
(101) and Ω
M
∼ (a/aeq)−3, the ratio ΩΛ/ΩM increases to O(1) at the present time ln(a/aeq) ≈ 9.2. When
Ω
Λ
/Ω
M
= 1/2, the Universe turns from the deceleration phase to the acceleration phase. The cosmological
term Ω
Λ
will dominate over the matter term Ω
M
in future.
4. Cosmic coincidence of ΩΛ and ΩM values
To discuss the cosmic coincidence, we use the ratio ΩΛ/ΩM which is independent of the char-
acteristic scales in different epochs. The ratio ΩΛ/ΩM ≈ (δR/4) ∼ 10−12 (96) keeps constant, as
ΩΛ tracks down ΩM from the reheating end a˜ to the radiation-matter equilibrium aeq ∼ 1023a˜.
This tracking dynamics avoids the fine tuning cosmic ΩΛ and ΩM coincidence of the order of
(aeq/a˜)
4 ∼ 1092. Whereas, from the aeq to the present time a0 = (1 + z)aeq ∼ 104aeq, we have the
ratio (97)
ΩΛ/ΩM ≈ (δM /3) + δM e−δM x+3x. (105)
where ΩM = Ω
eq
M
e−3x (79) and x = ln(a/aeq). This ratio ΩΛ/ΩM consistently approaches the con-
stant O(10−12) for x < 0, i.e., before the radiation-matter equilibrium. For an explicit illustration,
we plot in Fig. 4 the ratio ΩΛ/ΩM that varies from O(10−12) to O(1) as a function of the scaling
factor ln(a/aeq) from the radiation dominated epoch to the matter dominated epoch.
These results give us an insight into the issue of the cosmic coincidence at the present time.
The ΩΛ and ΩM relation shows that the cosmic coincidence of ΩΛ and ΩM values appears naturally
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without any extremely fine tuning, since the matter dominated epoch of z ∼ 103∼4 is much shorter
than the radiation dominated epoch of (aeq/a˜) ∼ 1023, when the ΩΛ tracks down ΩM and the ratio
ΩΛ/ΩM is constant. Otherwise we would have the cosmic coincidence problem of an incredibly fine
tuning the values Ω˜Λ and Ω˜M at the reheating end at the order ∼ (10−23)4 × (10−4)3 ∼ 10−104, so
as to reach their present observational values of the same order of magnitude.
To close this section, we have to mention a few points in the present scenario for understanding
why the cosmological term is “constant” in the current epoch, and how the fine-tuning problem of
cosmic coincidence can be possibly avoided.
• First, it is necessary to have a small ΩΛ and ΩM interaction, whose strength depends on
evolution epochs and transitions from one to another so that their tracking dynamics proceeds
and fails.
• Second, despite the detailed numerical analysis necessarily required for computing the val-
ues C˜ = 0 (94) and Ceq 6= 0 (99), we can be sure that the “continuous” transition be-
tween the reheating epoch and the radiation dominated epochs must be different from the
“discontinuous” transition between the radiation dominated epoch and matter dominated
epoch. This essential difference could be the reason why the cosmological “constant” ΩΛ
evolves (97) in the matter dominated epoch very differently from its behavior (92) of track-
ing down ΩM in the radiation dominated epoch. Otherwise, ∆ω
decay
M
= 0 in Eq. (100) and
Ceq = C˜ = 0, the cosmological term ΩΛ would have been tracking down ΩM -evolution un-
til now, ΩΛ  ΩM ∝ h2. This is inconsistent with the observations of current Universe
acceleration.
• Third, the estimates of δR (93), δM (98) and Ceq (99) are rather qualitative, since the decay
ratio ωdecay varies in the “discontinuous” transition from the radiation dominated epoch to
the matter dominated epoch, which takes place in the range between (aeq/a0) ∼ 10−4 and
(alast/a0) ∼ 10−3, where alast indicates the scaling factor of the last scattering surface. More
detailed studies are complicate, but necessary to reach the quantitative results.
Therefore, at this preliminary stage, we would like to treat the δM (98) and Ceq (99) as parameters
to be phenomenologically fixed by observations.
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D. Possible connections to observations
To be in connection with current observations, we rewrite the ΩΛ and ΩM relation (97) in terms
of current observational values Ω0
Λ
and Ω0
M
in units of the critical density ρ0c = 3H
2
0 today,
ΩΛ ≈ (δM /3) Ω0M (1 + z)3 + Ω0Λ(1 + z)δM , (106)
and the generalized Friedmann equation (12) becomes
h2 ≈ Ω0
M
(1 + z)3 + Ω0
Λ
(1 + z)δM , (107)
in the matter dominated epoch.
Moreover, following the line presented in the previous publication [19], we take into account the
very slow variation of gravitational constant G˜/G = (1 + z)−δG and the parameter δG  1, and
recast the generalized Friedmann equation (7) as
h2 = Ω0
M
(1 + z)3−δG + Ω0
Λ
(1 + z)δΛ , (108)
where the parameter δΛ relates to δM and δG . In Eq. (108), two parameters δΛ and δG are related
δΛ ≈ δG , as required by the generalized conservation law (10). The one-parameter generalized
Friedmann equation (108) can possibly be examined with observations [30]. Its characteristic scale
for the horizon H gets smaller [19], compared with the ΛCDM case of δM = δG = 0, thus possibly
relieves the H0-tension. It is worthwhile to see the (108) in connection with the current weaknesses
or tensions of the ΛCDM with some observational data [29, 34–37].
In particular, how to examine the ΩΛ-transition (106) from the present “constant” ∼ (1 + z)δΛ
tracing back to the track-down evolution ∼ (1 + z)3 at the large redshift z ∼ 103∼4. We speculate
that such ΩΛ-transition should induce the peculiar fluctuations of gravitational field that imprint
on the CMB spectrum, analogously to the integrated Sachs-Wolfe effect.
In addition, Equation (8) gives the turning point a¨ = 0 from deceleration a¨ < 0 to acceleration
a¨ > 0, yielding 2ΩΛ = (1 + 3ωM )ΩM , i.e., ΩΛ = ΩM /2 and
(1 + z)turning ≈ (2Ω0Λ/Ω0M )1/(3−δΛ−δG ) ≈ 1.67, (109)
and the turning redshift zturning ≈ 0.67 from the acceleration phase to the deceleration phase.
VII. SUMMARY AND REMARKS
In this article, we emphasize the cosmological Λ-term in the Einstein equation is attributed to
the nature of the spacetime rather than the matter. The relevant amount of matter is produced
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from the spacetime horizon, via the process of particle and antiparticle pair productions in the
pre-inflation, inflation and reheating epochs, which is mainly governed by the cosmological Λ-
term. Thereafter, Universe evolution is determined by the time-varying cosmological term, matter
term and their interactions via the horizon of the spacetime, obeying the Einstein equation and
generalized conservation law.
In this theoretical framework, assuming proper initial scales and conditions for each epoch of
Universe evolution, we derive the time evolution of Universe horizon H, the cosmological term
ΩΛ(H) and matter content ΩM (H). In the inflation epoch, we calculate the matter content ΩM (H)
that is much smaller than ΩΛ(H) ∝ H2. The solution naturally leads to the inflation and results
agree with observations, possibly shows the large scale anomaly of low amplitude of the CMB
power spectrum, and the dark-matter acoustic wave. The entropy issue of spacetime and matter
in the Universe evolution deserves more detailed studies in future. The studies of the reheating
phenomenon, baryogenesis and magnetogenesis in the reheating epoch will be presented in the
coming article [38], showing how the cosmological energy density ρΛ almost completely converts
to the matter energy density ρM accounting for the most relevant amount of the matter in the
Universe.
We further apply this theoretical framework to study the Universe evolution after the reheating,
to reveal the indirect interaction between the cosmological Λ-term and the matter term through
the pair production on the space time horizon H. Such indirect interaction plays the role for
the cosmological term ΩΛ evolution tracking down the matter ΩM evolution until the radiation-
matter equilibrium. Afterward, such a tracking dynamics fails and the cosmological Λ-term, ΩΛ ≈
constant, varying very slowly up to the present time. Its current value is slightly smaller than the
value at the transition from the radiation dominated epoch to the matter dominated epoch. This
gives a possible explanation why the cosmological term is constant and the possibility how the
problem of cosmic coincidence can be avoided.
In conclusion, we provide a possible scenario to understand the issues of the cosmological con-
stant, cosmic inflation, matter origin, and the cosmic coincidence problem in the framework that
the cosmological term is an attribute of the spacetime horizon, which spontaneously undergoes the
pair productions to generate the matter term, and both cosmological and matter terms couple each
other via the horizon described by the Einstein equation and generalised conservation law. There
are problems to solve in this theoretical framework, in particular, the problem of the reheating and
entropy generation. Further studies are necessarily required and full numerical approach to this
problem is also inviting.
40
To end this article, we make some marks that oppositely to the positive mass and negative
gravitational potential of the matter ΩM , the cosmological term ΩΛ physically represents a nega-
tive mass-energy (5), whose positive potential leads to the horizon expansion and pair productions,
drives the Universe acceleration as if an entropy force. On the other hand, the pair productions
decrease the ΩΛ and “screen” its positive potential, whereas these produced pairs increase mat-
ter ΩM and deepen its negative potential, leading to the inflation end and decelerating Universe
expansion. The positivity of total mass-energy M of the Universe should be expected.
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